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By obtaining intervals of the parameter λ, this paper investigates the existence of a positive
solution for a class of nonlinearm-point boundary value problems of nth order differential
equations in abstract spaces. The arguments are based upon a specially constructed cone
and the fixed point theory in cone for a strict set contraction operator.
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1. Introduction
The theory of multi-point boundary value problems for ordinary differential equations arises in different areas of applied
mathematics and physics. For example, the vibrations of a guy wire of uniform cross-section and composed of N parts of
different densities can be set up as a multi-point boundary value problem. Many problems in the theory of elastic stability
can be handled as multi-point boundary value problems too. Recently, the existence and multiplicity of positive solutions
for nonlinear ordinary differential equations have received a great deal of attention. To identify a few, we refer the reader to
[1–6] and references therein. But the corresponding theory formulti-point boundary value problems for ordinary differential
equations in Banach spaceswas not investigated until now. Now, in this paper, we shall use the fixed point theory in cone for
strict set contraction operators to investigate the existence of a positive solution for a class of nonlinear m-point boundary
value problems of nth order differential equations in a Banach space.
Let E be a real Banach space with norm ‖ · ‖ and P ⊂ E be a cone of E. The purpose of this paper is to investigate the
existence of positive solutions of the following nth orderm-point boundary value problem
x(n)(t)+ λf (t, x(t)) = θ, 0 < t < 1,
x(0) = x′(0) = · · · = x(n−2)(0) = θ, x(1) =
m−2∑
i=1
βix(ξi),
(1.1)
where λ > 0 is a parameter, ξi ∈ (0, 1), βi ∈ (0,+∞) (i = 1, 2, . . . ,m− 2) are given constants and f ∈ C([0, 1] × P, P),
θ is the zero element of E.
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The main features of this paper are as follows. Firstly, we discuss the existence results in abstract space E, not E = R
as in [4]. Secondly, comparing with [4], we consider the existence results in the case λ > 0, not λ = 1 as in [4]. To our
knowledge, no paper has considered nth orderm-point boundary value problems in abstract spaces.
The organization of this paper is as follows. In Section 2, we provide some necessary background. In particular, we state
some properties of the Green function associatedwith problem (1.1). In Section 3, themain results will be stated and proved.
Basic facts about ordered Banach space E can be found in [7,8]. Here we just recall a few of them. The cone P in E induces
a partial order on E, i.e., x ≤ y if and only if y − x ∈ P . P is said to be normal if there exists a positive constant N such that
θ ≤ x ≤ y implies ‖x‖ ≤ N‖y‖. Without loss of generality, we suppose, in the present paper, the normal constant N = 1.
We consider problem (1.1) in C[J, E], in which J = [0, 1]. Evidently, (C[J, E], ‖ · ‖) is a Banach space with norm
‖x‖c = maxt∈J ‖x(t)‖ for x ∈ C[J, E]. In the following, x ∈ C[J, E] is called a solution of (1.1) if it satisfies (1.1). x is a
positive solution of (1.1) if, in addition, x(t) > θ for t ∈ (0, 1).
In the following, we denote Kuratowski’s measure of noncompactness by α(·).
For the application in what follows, we first state the following lemma which can be found in [7].
Lemma 1.1. Let K be a cone of Banach space E and Kr,R = {x ∈ K , r ≤ ‖x‖ ≤ R}, R > r > 0. Suppose that A : Kr,R −→ K is a
strict set contraction such that one of the following two conditions is satisfied:
(a) ‖Ax‖ ≥ ‖x‖,∀x ∈ K , ‖x‖ = r; ‖Ax‖ ≤ ‖x‖,∀x ∈ K , ‖x‖ = R.
(b) ‖Ax‖ ≤ ‖x‖,∀x ∈ K , ‖x‖ = r; ‖Ax‖ ≥ ‖x‖,∀x ∈ K , ‖x‖ = R.
Then, A has a fixed point x ∈ Kr,R such that r ≤ ‖x‖ ≤ R.
2. Preliminaries
To establish the existence of multiple positive solutions in C[J, P] of (1.1), let us list the following assumptions, which
will hold throughout this paper:
(H1) f ∈ C(J × P, P), f (t, θ) ≡ θ , and for any l > 0, f is uniformly continuous on J × (P ∩ Tl). Further suppose that there
exists a nonnegative constant ρl with 2λG0ρl < 1 such that
α(f (t, S)) ≤ ρlα(S), t ∈ J, S ⊂ P ∩ Tl,
where Tl = {x ∈ E : ‖x‖ ≤ l},G0 = maxs∈J G(s), G(s) is defined by (2.6);
(H2) D =∑m−2i=1 βiξ (n−1)i < 1.
In our main results, we will make use of the following lemmas.
Lemma 2.1 ([4]). Suppose that (H1) and (H2) hold. Then x is a nonnegative solution of (1.1) if and only if x is a fixed point of
the following integral operator
(Tx)(t) = λ
∫ 1
0
G(t, s)f (s, x(s))ds, (2.1)
where
G(t, s) = G1(t, s)+ G2(t, s), (2.2)
G1(t, s) = 1
(n− 1)!
{
tn−1(1− s)n−1 − (t − s)n−1, if 0 ≤ s ≤ t ≤ 1,
tn−1(1− s)n−1, if 0 ≤ t ≤ s ≤ 1, (2.3)
G2(t, s) = D
(n− 1)!(1− D) t
n−1(1− s)n−1 − 1
(n− 1)!(1− D)
∑
s≤ξi
βitn−1(ξi − s)n−1. (2.4)
Similarly to the proof of that from [4] we can show that G(t, s) has the following properties.
Proposition 2.1. For t, s ∈ (0, 1), we have G(t, s) > 0.
Proposition 2.2. For t, s ∈ J , we have
0 ≤ G(t, s) ≤ G(s) ≤ G0, (2.5)
where
G(s) = G1(τ (s), s)+ G2(1, s), τ (s) = s
1− (1− s)1+ 1n−2
. (2.6)
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Proposition 2.3. Let Jξ = [ξ1, 1]. Then there is a positive constant γ , for all t ∈ Jξ , s, u ∈ J such that
G(t, s) ≥ γG(u, s). (2.7)
To obtain a positive solution, we construct a cone K by
K = {x ∈ Q : x(t) ≥ γ x(s), t ∈ Jξ , s ∈ J} , (2.8)
where Q = {x ∈ C[J, E] : x(t) ≥ θ, t ∈ J} .
It is easy to see that K is a cone of C[J, E] and Kr,R = {x ∈ K : r ≤ ‖x‖ ≤ R} ⊂ K , K ⊂ Q .
In the following, let Bl = {x ∈ C[J, E] : ‖x‖c ≤ l} , l > 0.
Lemma 2.2. Suppose that (H1) and (H2) hold. Then for each l > 0, T is a strict set contraction on Q ∩ Bl, i.e., there exists a
constant 0 ≤ kl < 1 such that α(T (S)) ≤ klα(S) for any S ⊂ Q ∩ Bl.
Proof. For any l > 0, suppose S ⊂ Q ∩ Bl. By the proof of Lemma 2 in [9], we know that T is continuous and bounded from
Q ∩ Bl into Q.
On the other hand, observing 0 ≤ G(t, s) ≤ G0 and using a similar method as in the proof of Lemma 2 in [9], we can get
that α(T (S)) ≤ 2λG0ρlα(S), S ⊂ Q ∩ Bl.
Therefore
α(T (S)) ≤ klα(S), S ⊂ Q ∩ Bl,
where kl = 2λG0ρl, 0 ≤ kl < 1. The proof is complete. 
Lemma 2.3. Suppose that (H1) and (H2) hold. Then T (K) ⊂ K and T : Kr,R → K is a strict set contraction.
Proof. From (2.7) and (2.1), for x ∈ K we obtain
min
t∈Jξ
(Tx)(t) = λmin
t∈Jξ
[∫ 1
0
G(t, s)f (s, x(s))ds
]
≥ λγ
∫ 1
0
G(u, s)f (s, x(s))ds
≥ γ (Tx)(u), u ∈ J.
Therefore T (x) ∈ K , i.e., T (K) ⊂ K . Also we have T (Kr,R) ⊂ K by Kr,R ⊂ K . Hence we have T : Kr,R → K .
Next by Lemma 2.2, one can prove T : Kr,R → K is a strict set contraction. So the proof is omitted. 
3. Main results
Definition 3.1. Let P be a cone of real Banach space E. If P∗ = {Ψ ∈ E∗|Ψ (x) ≥ 0,∀x ∈ P}, then P∗ is a dual cone of cone P .
Write
f β = lim sup
‖x‖→β
max
t∈J
‖f (t, x)‖
‖x‖ , fβ = lim inf‖x‖→β mint∈J
‖f (t, x)‖
‖x‖ , (Ψ f )β = lim inf‖x‖→β mint∈J
Ψ (f (t, x))
‖x‖ ,
where β denotes 0 or∞, Ψ ∈ P∗, and ‖Ψ ‖ = 1.
In this section, we apply Lemma 1.1 to establish the existence of a positive solution for problem (1.1).
Theorem 3.1. Assume that (H1) and (H2) hold, P is normal and for any x ∈ P, f 0 <∞ and (Ψ f )∞ > 0. Then problem (1.1) has
at least one positive solution in K provided
1
γ (Ψ f )∞M
< λ <
1
f 0G0
, (3.1)
where
M =
∫ 1
ξ1
G
(
1
2
, s
)
ds.
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Proof. Let T be a cone preserving, strict set contraction that was defined by (2.1).
By (3.1), there exists ε1 > 0 such that
1
γ [(Ψ f )∞ − ε1]M ≤ λ ≤
1
(f 0 + ε1)G0 . (3.2)
Considering f 0 <∞, there exists r¯1 > 0 such that ‖f (t, x)‖ ≤ (f 0 + ε1)‖x‖, for ‖x‖ ≤ r¯1, x ∈ P , and t ∈ J .
So, for t ∈ J, x ∈ K , ‖x‖c = r1, 0 < r1 < r¯1, we have
‖(Tx)(t)‖ = λ
∥∥∥∥maxt∈J
∫ 1
0
G(t, s)f (s, x(s))ds
∥∥∥∥
≤ λ(f 0 + ε1)
∫ 1
0
max
t∈J
G(t, s)‖x(s)‖ds
≤ λ(f 0 + ε1)‖x‖cG0
≤ ‖x‖c .
Therefore,
‖Tx‖c ≤ ‖x‖c, t ∈ J, x ∈ K , ‖x‖c = r1. (3.3)
Next, turning to (Ψ f )∞ > 0, there exists r¯2 > 0 such that Ψ (f (t, x(t))) ≥ [(Ψ f )∞ − ε1]‖x‖, for ‖x‖ ≥ r¯2, x ∈ P, t ∈ J .
Let r2 = max {2r1, r¯2}. Then, for t ∈ Jξ , x ∈ K , ‖x‖c = r2, we have by (2.8), ‖x(t)‖ ≥ γ ‖x‖c ≥ r¯2, and∥∥∥∥(Tx)(12
)∥∥∥∥ ≥ Ψ ((Tx)(12
))
= λ
∫ 1
0
G
(
1
2
, s
)
Ψ (f (s, x(s)))ds
≥ λ
∫ 1
ξ1
G
(
1
2
, s
)
Ψ (f (s, x(s)))ds
≥ λ [(Ψ f )∞ − ε1]
∫ 1
ξ1
G
(
1
2
, s
)
‖x(s)‖ds
≥ λ [(Ψ f )∞ − ε1] ‖x‖cγ
∫ 1
ξ1
G
(
1
2
, s
)
ds
≥ ‖x‖c .
Therefore,
‖Tx‖c ≥ ‖x‖c, t ∈ J, ∀x ∈ K , ‖x‖c = r2. (3.4)
Applying (b) of Lemma 1.1 to (3.3) and (3.4) yields that T has a fixed point x∗ ∈ Kr1,r2 , r1 ≤ ‖x∗‖c ≤ r2 and
x∗(t) ≥ γ x∗(s) > θ, t ∈ Jξ , s ∈ [0, 1]. The proof is complete. 
Similarly to the proof of Theorem 3.1, we can prove the following results.
Corollary 3.1. Assume that (H1) and (H2) hold, P is normal and for any x ∈ P, f 0 <∞ and f∞ > 0. Then problem (1.1) has at
least one positive solution in K provided
1
γ f∞M
< λ <
1
f 0G0
.
Theorem 3.2. Assume that (H1) and (H2) hold, P is normal and for any x ∈ P, (Ψ f )0 > 0 and f∞ <∞. Then problem (1.1) has
at least one positive solution in K provided
1
γ (Ψ f )0M
< λ <
1
f∞G0
. (3.5)
Proof. From (3.5), there exists ε2 > 0 such that
1
γ [(Ψ f )0 − ε2]M ≤ λ ≤
1
(f∞ + ε2)G0 . (3.6)
Considering (Ψ f )0 > 0, there exists r¯3 > 0 such that Ψ (f (t, x)) ≥ [(Ψ f )0 − ε2]‖x‖, for ‖x‖ ≤ r¯3, x ∈ P, t ∈ J .
M. Feng, W. Ge / Applied Mathematics Letters 22 (2009) 1303–1308 1307
So, for t ∈ J, x ∈ K , ‖x‖c = r3, 0 < r3 < r¯3, we have∥∥∥∥(Tx)(12
)∥∥∥∥ ≥ Ψ ((Tx)(12
))
= λ
∫ 1
0
G
(
1
2
, s
)
Ψ (f (s, x(s)))ds
≥ λ
∫ 1
ξ1
G
(
1
2
, s
)
Ψ (f (s, x(s)))ds
≥ λ[(Ψ f )0 − ε2]
∫ 1
ξ1
G
(
1
2
, s
)
‖x(s)‖ds
≥ λ[(Ψ f )0 − ε2]‖x‖cγ
∫ 1
ξ1
G
(
1
2
, s
)
ds
≥ ‖x‖c .
Therefore,
‖Tx‖c ≥ ‖x‖c, t ∈ J, ∀x ∈ K , ‖x‖c = r3. (3.7)
Next, turning to f∞ <∞, there exists r¯4 > 0 such that ‖f (t, x(t))‖ ≤ (f∞ + ε2)‖x‖, for ‖x‖ ≥ r¯4, x ∈ P, t ∈ J .
Case (1) Suppose that f is bounded. Then there exists R > 0 such that ‖f (t, x)‖ ≤ R for t ∈ J, x ∈ P, ‖x‖ ∈ [0,∞).
Choose r4 = max {2r3, λRG0} .
Then, for x ∈ J, x ∈ K , ‖x‖c = r4, we have from (2.5)
‖(Tx)(t)‖ = λ
∥∥∥∥∫ 1
0
G(t, s)f (s, x(s))ds
∥∥∥∥
≤ λR
∫ 1
0
G(s)ds
≤ λRG0 ≤ r4 = ‖x‖c .
Case (2) Suppose that f is unbounded. Choosing r∗4 > max{2r3, r¯4} such that ‖f (t, x)‖ ≤ ‖f (t, r∗4 )‖ for t ∈ J, x ∈ P, 0 <‖x‖ < r∗4 .
Then, for t ∈ J, x ∈ K , ‖x‖c = r4,max{2r3, r¯4} < r4 < r∗4 , we have
‖(Tx)(t)‖ = λ
∥∥∥∥∫ 1
0
max
t∈J
G(t, s)f (s, x(s))ds
∥∥∥∥
≤ λ
∫ 1
0
max
t∈J
G(t, s)‖f (s, r4)‖ds
≤ λ(f∞ + ε2)‖x‖c
∫ 1
0
max
t∈J
G(t, s)ds
≤ λ(f∞ + ε2)‖x‖cG0
≤ ‖x‖c .
Therefore,
‖Tx‖c ≤ ‖x‖c, t ∈ J, x ∈ K , ‖x‖c = r4. (3.8)
Applying (a) of Lemma 1.1 to (3.7) and (3.8) yields that T has a fixed point x∗ ∈ Kr3,r4 , r3 ≤ ‖x∗‖c ≤ r4 and
x∗(t) ≥ γ x∗(s) > θ, t ∈ Jξ , s ∈ [0, 1]. The proof is complete. 
Similarly to the proof of Theorem 3.2, we can prove the following results.
Corollary 3.2. Assume that (H1) and (H2) hold, P is normal and for any x ∈ P, f0 > 0 and f∞ <∞. Then problem (1.1) has at
least one positive solution in K provided
1
γ f0M
< λ <
1
f∞G0
.
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